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Executive Summary 
The UIUC team aimed to determine the energy landscape for solutes undergoing a variety of deformation 
modes in magnesium. The purpose is to provide predictive models for the effect of solute chemistry on 
plastic deformation in magnesium alloys; the models can then be used to suggest alloy chemistries that 
would have increased isotropic deformation, and hence be more amenable to forming at lower 
temperatures than currently available magnesium alloys. The UIUC team’s approach to compute the 
energy landscape for solutes in 〈𝑐 + 𝑎〉 and twinning dislocation cores used density functional theory 
(DFT), and this data became input for predictive models of critical resolved shear stress (CRSS) as 
functions of alloy composition, temperature, and strain rate. Moreover, the UIUC team made rank-
ordered suggestions for alloying elements based on a combination of deformation “potency” and available 
information for solute solubility. 
 
The low ductility of Mg alloys at room temperature is a direct consequence of the anisotropic response of 
the hexagonal-close packed (HCP) crystal structure to loading, where the slip of basal dislocations occurs 
at a much lower critical stress compared to non-basal dislocations. Deformation of polycrystalline Mg is 
therefore dominated by basal slip, resulting in too few independent slip systems available at low 
temperatures for appreciable ductility. A promising approach for improving the ductility of Mg is adding 
solutes which interact with dislocations to potentially reduce the difference in the stresses required to 
move basal and non-basal dislocations. UIUC has used DFT to compute inputs for solid solution 
strengthening models of 〈𝑐 + 𝑎〉 edge and screw dislocations, and (101)2) and (101)1) twinning 
dislocations in Mg. The key inputs to the solution strengthening models are [Yasi2010, Ghazisaeidi2014, 
Buey2018]: (a) accurate dislocation geometries for computing solute-dislocation interaction energies from 
either direct substitution of solutes into core sites, or from the local strain and slip distributions in the 
dislocation cores; (b) solute volumetric size misfits which determine the interaction strengths of solutes 
with the dislocation strain field; and (c) solute chemical misfits which determine the interaction strengths 
of solutes with either stacking faults or twin boundaries. 
 
The UIUC team completed DFT calculations needed to predict the interaction energies of 63 different 
solute species with (101)1) twinning edge, (101)2) edge, and 〈𝑐 + 𝑎〉 edge dislocations in Mg using 
approximate interaction models. These DFT calculations include relaxed dislocation core geometries for 
twinning and 〈𝑐 + 𝑎〉 dislocation in pure Mg, solute size misfits in Mg, and the interactions of different 
solute species with twin boundaries and pyramidal II stacking faults in Mg. They validated the predictions 
of these approximate models against more computationally expensive direct calculations, and 
parameterized their solid solution strengthening models using these interactions to predict the solute-
induced changes in yield stress for the twinning and 〈𝑐 + 𝑎〉 dislocations. A key result of their work is 
that both the solute-dislocation interactions and the changes in yield stress scale as second order 
polynomials in the volumetric solute size misfit. These scaling relations allowed UIUC to efficiently 
compute the effects of a large number of different solute species on the mechanical properties of Mg, and 
also show that solutes with large mismatch in size with Mg (either undersized or oversized) are the most 
effective at strengthening the individual deformation modes. 
 
UIUC combined their solid solution strengthening predictions with solubility limits from alloy phase 
diagrams to determine which solutes have the greatest potential for improving the mechanical properties 
of Mg alloys through solution strengthening. While large or small solutes are the most effective 
strengtheners in Mg, these solutes generally have low solubilities which limits their overall effectiveness 
at strengthening the different deformation modes. UIUC has computed solubility limits for twelve binary 
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Mg alloys using the COST507 thermodynamic database [COST507] and the PYCALPHAD code 
[Otis2017], and they extracted solubility limits for 44 other binary Mg alloys from literature. UIUC 
computed the yield stress changes in the non-basal deformation modes and the ratios of non-basal to basal 
yield stresses over the solubility range for each of these solute species. Good candidate solutes for 
improving the mechanical properties of Mg increase the overall yield stress of each deformation mode, 
while reducing the ratios of non-basal to basal yield stress. In general, mid-sized solutes are most 
promising since they have the best combination of strengthening potency and solubility in hcp Mg. UIUC 
found that the rare earth solutes Gd, Tb, Dy, Nd, Ho, Er, Tm, Yb, and Sm are the most promising for 
increasing the strength and ductility of hcp Mg, with the solutes listed in decreasing order of 
effectiveness. The non-rare earth solutes Y, Sc, Pb, Ca, Ag, Bi, Tl, Zn, Li, Ga, Al, and Cd are also 
promising for increasing the strength and ductility of HCP Mg, with the solutes listed in decreasing order 
of effectiveness. 
 
UIUC has also extended their solubility analysis to eight assessed ternary Mg alloy systems in the 
COST507 database. They computed solubility limits for Mg-Al-Cu, Mg-Al-Li, Mg-Al-Mn, Mg-Al-Si, 
Mg-Al-Zn, Mg-Cu-Si, Mg-Cu-Y, and Mg-Cu-Zn by scanning the temperature-composition space for each 
alloy to determine the maximum solubility of each solute in the hcp phase of Mg. Since large solutes are 
the most effective strengtheners in Mg, it is generally expected that in the most promising ternary alloys 
the smaller of the two solutes will increase the solubility of the larger solute. PYCALPHAD calculations for 
these ternary systems show that in the Mg-Al-Li system, Al increases the solubility of Li and Li increases 
the solubility of Al. Adding a small amount of Li to Mg-Al, can increase the yield stress of the non-basal 
deformation modes by up to 25% while reducing the ratios of the non-basal to basal yield stresses by up 
to 10%. For the other seven ternary systems, the addition of a second solute either has a negligible effect 
on the solubility of the second solute or reduces the solubility depending on the alloy.  
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Description of Key Accomplishments/Results Relative to Objectives 
The UIUC team combined DFT calculations with solid solution strengthening models to suggest solute 
chemistries for improving the strength and ductility of Mg alloys. The approach relied on Labusch-type 
solution strengthening models previously applied to Y solutes in ⟨𝑐 + 𝑎⟩ edge dislocations in 
Mg [Buey2018] and Al and Zn solutes in (101‾2) tension twinning edge dislocations in 
Mg [Ghazisaeidi2014]. Solution strengthening in alloys is a direct consequence of solute interactions with 
dislocations [Argon2008], and electronic structure calculations are needed to compute these interactions 
accurately [Yasi2010]. DFT computed the interactions of selected solute species with ⟨𝑐 + 𝑎⟩ edge, 
(101‾2) tension twinning edge, and (101‾1) tension twinning edge dislocations in Mg. These direct 
interaction calculations are then developed into approximate interaction models that combine geometric 
information from the dislocation cores in pure Mg with solute size and chemical misfits—quantities that 
can be computed relatively efficiently with DFT. In addition to alleviating the high computational cost of 
calculating the solute-dislocation interactions by directly substituting every type of solute into all the sites 
in the cores of these dislocations, the geometric models also reveal the relationships between the solute-
dislocation interaction energies and solute misfits. The computed interaction energies parameterize the 
Labusch models which predict the strengthening potencies of 63 different solute species on these three 
different non-basal plastic deformation modes. The UIUC team evaluated the potential for different solute 
species to improve the strength and ductility of Mg by computing the ratios of the solute-induced change 
in non-basal yield stresses to the solute-induced change in basal yield stress. Promising solute candidates 
reduce these ratios at room temperature, thereby promoting dislocation slip on a larger number of slip 
systems required for generalized plastic deformation. 

Statement of Objectives Accomplishments & Metrics Variance 

2.1.1 

Atomistic, 
microstructure scale 
and continuum scale 
model development 
for alloying and 
forming 

• Computed solute interactions with multiple 
deformation modes in magnesium. 

• Constructed predictive models of deformation 
as a function of solute concentration. 

• Identified solutes based on potency to improve 
formability of magnesium alloys. 

• No variance 

2.1.2 

Thermodynamic 
modeling of alloying 
and processing 

• Incorporated thermodynamic models of solute 
solubility, combined with interaction models, to 
suggest optimal solute chemistries and 
concentrations, in concert with alloy 
development. 

• No variance 

 
 

Computational methods 
UIUC computed the strengthening potencies of 63 different substitutional solute species on ⟨𝑐 + 𝑎⟩ and 
twinning edge dislocations in Mg using Labusch-type solid solution strengthening 
models [Ghazisaeidi2014, Buey2018, Leyson2013, Varvenne2017]. The inputs to the strengthening 
models are dislocation core structures and solute-dislocation interaction energies which are computed 
using DFT, and dislocation line tensions which are computed using a classical interatomic potential. 
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Solid-solution strengthening models 
The Labusch-type weak pinning models calculates the effects of solute concentration, temperature, and 
strain rate on the critical resolved shear stress (CRSS) of ⟨𝑐 + 𝑎⟩ edge dislocations, and (101‾1) and 
(101‾2) twinning edge dislocations. We use the model applied to Y solutes for the ⟨𝑐 + 𝑎⟩ edge 
dislocation in Ref. [Buey2018] for our ⟨𝑐 + 𝑎⟩ dislocation calculations, and the model applied to Al and 
Zn solutes for the (101‾2) twinning edge dislocation in Ref. [Ghazisaeidi2014] for our twinning 
dislocation calculations. These models are based on previous work on solution strengthening of edge 
dislocations in Al [Leyson2010, Leyson2012a] and basal edge dislocations in Mg [Leyson2012b]. The 
main idea in these strengthening models is that a straight dislocation bows out in a random field of solutes 
to minimize the combination of the solute-dislocation interaction energies and the elastic energy due to 
the change in the shape of the dislocation. The overall increase in the energy of the dislocation due to the 
solute field increases the energy barrier the dislocation must overcome to move through the lattice, 
thereby raising the yield stress. The total energy 𝐸!"! of the dislocation as a function of the dislocation 
bowing amplitude 𝑤 and the bowed-out segment length 𝜁 is 

𝐸!"!(𝜁, 𝑤) = 45𝛤
𝑤#

2𝜁
7 − 9

𝑐$𝜁
𝑎%
:
&/#

𝛥𝐸<((𝑤)=
𝐿
2𝜁
, 

where 𝑐$ is solute concentration, 𝛤 is the dislocation line tension, 𝐿 is the dislocation line length, and 𝑎% is 
the periodicity along the threading direction. The interaction between a solute at position (𝑥) , 𝑦*) and a 
dislocation at the origin is 𝑈(𝑥) , 𝑦*), and the collective effect of all the solutes on 𝐸!"! is contained in 
𝛥𝐸<((𝑤), where 

𝛥𝐸<((𝑤) = BCD𝑈(𝑥) , 𝑦*) − 𝑈(𝑥) −𝑤, 𝑦*)E
#

)*

F

&/#

. 

The finite-temperature, finite-strain rate change in yield stress for dislocation motion 𝛥𝜏+ is 

𝛥𝜏+(𝑇, 𝜖̇) = 𝛥𝜏+,% 41 − 9
𝑇
𝑇%
:
#/-
=, 

where 𝛥𝜏+,% is the zero-temperature change in yield stress, 

𝛥𝜏+,% = 𝛽5
𝑐$#𝛥𝐸<(.(𝑤/)
𝛤𝑎%#𝑤/0

7
&/-

, 

and 𝑇% is the characteristic temperature for the Labusch mechanism containing the effective solute-
dislocation interaction 𝛥𝐸<((𝑤) and the strain rate 𝜖̇, 

𝑇% =
𝛼

𝑘1ln(𝜖̇/𝜖%̇)
5
𝛤𝑤/#𝛥𝐸<(#(𝑤/)𝑐$

𝑎%
7
&/-

. 

The characteristic roughening amplitude that minimizes 𝐸!"! is 𝑤/, 𝜖%̇ is a reference strain rate, and 𝛼 and 
𝛽 are geometric factors determined by the lattice geometry and slip system. The models require as input 
the spatial distribution of solute-dislocation interaction energies in and around the dislocation core, 
𝑈(𝑥) , 𝑦*). UIUC used DFT to optimize the cores of the ⟨𝑐 + 𝑎⟩ and twinning dislocations, and to compute 
the interactions 𝑈(𝑥) , 𝑦*) of different solute species with these dislocations. UIUC computed 𝑈(𝑥) , 𝑦*) 
directly by substituting solutes into sites in the dislocation cores for selected species, and also for 63 
different solute species with more computationally efficient geometric interaction models that combine 
local geometric information from the pure Mg dislocation cores with DFT-computed size and chemical 
misfits of the solute species. The size misfit quantifies the mismatch in volume between a solute and an 
hcp Mg atom, and the chemical misfits quantify the interaction of a solute with stacking faults and twin 
boundaries in Mg. 
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DFT calculation details 
UIUC used the plane-wave basis DFT code VASP [Kresse1996] to perform all of the first principles 
calculations in this study, with the PBE generalized gradient approximation (GGA) 
functional [Perdew1996] for the electron exchange-correlation energy, and projector augmented wave 
(PAW) potentials  generated by Kresse and Joubert [Kresse1999] to model the nuclei and core electrons 
of Mg and the 63 different solute species considered in this study. All of the solutes were computed 
without spin-polarization, except for Cr, Fe, and Mn. The calculations require a plane-wave energy cutoff 
of 300 eV to converge the energies to less than 1 meV/atom. The energy tolerance for the electronic self-
consistency loop is 1023 eV, and the conjugate gradient method to relaxes the atoms until all of the 
atomic forces are less than 15 meV/Å. The 𝑘-point meshes are chosen for supercells based on a 𝛤-
centered 32 × 32 × 20 unit-cell 𝑘-point mesh, with order-one Methfessel-Paxton 
smearing [Methfessel1989] to ensure accurate forces for relaxing the defect geometries, with a smearing 
energy width of 0.25 eV to ensure close agreement between the smeared electronic density of states near 
the Fermi energy and the electronic density of states computed using the linear tetrahedron method with 
Blöchl corrections [Blochl1994]. 
 

Dislocation core optimization using first principles calculations 
Figure 1 shows the initial dislocation geometries, optimized using first-principles calculations. The 
racetrack-shaped slabs surrounded by vacuum for the ⟨𝑐 + 𝑎⟩ geometries and include perfect dislocations 
by displacing all the atoms according to the dislocation displacement fields from anisotropic elasticity 
theory [Bacon1980]. The green “×" symbols in the figure show the center of the elastic displacement 
field for each dislocation. Each slab is periodic along the dislocation threading direction which points out 
of the page. The ⟨𝑐 + 𝑎⟩ dislocation cores are optimized using DFT with flexible boundary conditions 
(FBC). These boundary conditions require that the dislocation geometries are divided into region 1 (blue 
atoms), region 2 (red atoms), and region 3 (yellow atoms), as discussed in the next paragraph. The radial 
thickness of region 2 is determined by the interaction range of atoms in hcp Mg, and the radial thickness 
of region 3 is chosen large enough to isolate regions 1 and 2 from the effects of the vacuum. The size of 
region 1 is large enough to ensure that the highly-distorted dislocation cores are confined to this region. 
The edge dislocation splits into ⟨𝑐 + 𝑎⟩/2 partial edge dislocations during relaxation. The screw 
dislocation also splits into partial dislocations during relaxation but gets stuck in a local energy minimum 
where the partials are close together. Thus, the screw dislocation geometry is annealed using a MEAM 
potential [Wu2015] which results in the proper dissociation of the perfect dislocation into ⟨𝑐 + 𝑎⟩/2 
partial screw dislocations before starting the DFT FBC optimization. The twinning dislocation is 
optimized using DFT with fixed boundary conditions, where the blue atoms in Fig. 1 are relaxed using a 
conjugate gradient method with the green atoms held fixed at their positions determined by elasticity 
theory. 
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Figure 1. Initial DFT supercell geometries for the ⟨𝑐 + 𝑎⟩ edge, ⟨𝑐 + 𝑎⟩ screw, and (101‾1) compression 
twinning edge dislocations in hcp Mg. In each case, the DFT geometry is generated from a larger 
geometry that has been relaxed using a MEAM potential for Mg . The green “×" in each figure indicates 
the initial elastic center for the MEAM dislocation geometries. The initial ⟨𝑐 + 𝑎⟩ perfect dislocations in 
the MEAM simulations dissociate into 1/2⟨𝑐 + 𝑎⟩ partial dislocations indicated by the magenta “+" 
symbols. The ⟨𝑐 + 𝑎⟩ dislocation geometries are divided into regions I (blue), II (red), and III (yellow) for 
subsequent relaxation using DFT with LGF-based FBC. The twinning dislocation geometry is divided 
into a free region (blue), and a fixed region (green) for subsequent relaxation using DFT. The dashed red 
lines indicate the (101‾1) twin boundary. Each supercell is subject to periodic boundary conditions along 
the threading direction which is out of the page. The ⟨𝑐 + 𝑎⟩ edge and screw dislocation slabs have 
thicknesses of 5.529 Å and 6.087 Å. The (101‾1) twinning dislocation slab has a thickness of 3.192 Å. 
 

Twin boundary optimization 
The interactions of solutes with twin boundaries determine two contributions to solute-twinning 
dislocation interactions in Mg. They provide direct interaction energies for solutes outside the dislocation 
core region but close to the twin boundaries, as well as the chemical interactions in computationally 
efficient geometric models for solute-twinning dislocation interactions in the core [Ghazisaeidi2014]. 
UIUC used DFT to optimize the geometries of the (101‾1) and (101‾2) twin boundaries in pure Mg as the 
first step in computing the interactions of solutes with these twin boundaries. The twin boundary 
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geometries shown in Figure 2 mirror the atoms across the twin boundary planes represented by the dashed 
lines and them removing any duplicated atoms in the boundaries. The geometries are relaxed using DFT 
until the forces on all the atoms are less than 5 meV/Å. Then solutes are substituted into the sites labeled 
in figure to directly compute solute-twin boundary interactions. 

 
Figure 2. Supercell geometries of the relaxed (101‾2) and (101‾1) twin boundaries in Mg. Each supercell 
contains two twin boundaries, one at the dashed line in the middle of the supercell and one at the 
supercell boundary in the 𝑥-direction. Eight distinct sites for substituting solutes are labeled 1-8 in each 
supercell, and the reference sites for computing solute-twin boundary interactions are labeled “R". The 
dimension of each cell perpendicular to the plane of the page is 𝑎% = 3.192 Å.  
 

Solute-dislocation interactions 
Solute-dislocation interactions change the effective energy barrier that a dislocation must overcome to 
move under an applied stress, and ultimately change the critical resolved shear stress (CRSS) for 
dislocation motion. The goal is to identify solutes that can lower the difference in CRSS between basal 
and non-basal deformation modes to reduce plastic anisotropy, thereby improving ductility and room-
temperature formability. Two different approaches have been applied to computing solute-dislocation 
interactions using DFT [Yasi2010, Ghazisaeidi2014, Buey2018, Leyson2013, Leyson2010]: direct 
calculations or geometric interaction models parameterized with DFT data. In direct calculations, a solute 
is substituted at different sites in the dislocation core and the geometry is relaxed in each case. The 
interaction energies for the different sites are given as the difference between the site energy and an 
appropriate reference energy. These calculations are accurate but computationally expensive due to the 
large number of atoms in a dislocation geometry. Alternatively, geometric interaction energy models 
combine geometric information from the solute-free dislocation geometry, such as the local strain and slip 
at each site in the core, with solute size and chemical misfits. These geometric calculations are more 
computationally efficient since they utilize the solute-free dislocation geometry and solute misfits which 
are computed in relatively small computational supercells. 
 

Solute interactions with twinning edge dislocations 
The geometric models for solute interactions with the twinning dislocation cores [Ghazisaeidi2014] 
combine directly computed solute-dislocation interactions in the core with chemical misfit energies 
determined from the solute-twin boundary interaction energies. In this approach, the interaction is scaled 
to the directly computed solute interactions for a particular solute (in this work, Al) by solute size misfits. 
Additionally, solute-twin boundary interactions are used to compute a chemical misfit energy 𝛥𝐵4567

$  
that shifts the directly computed energies. 

𝑈8$ = 𝑈89:
𝜖;$

𝜖;9<
+ 𝛥𝐵4567

$  

UIUC validated the accuracy of the geometric model by comparing the predictions to direct calculations 
for Ca solutes in both twin cores. 
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Solute interactions with ⟨𝒄 + 𝒂⟩ dislocations 
In contrast to the geometric models for solute interactions with the ⟨𝑐 + 𝑎⟩ dislocations, the introduction 
of Al, Ca, Mn, Sn, or Zn solutes produces small changes in core structures of the ⟨𝑐 + 𝑎⟩ edge and screw 
dislocations. The interaction of solutes with the dislocation cores can be accurately captured using 
geometric models. 

𝑈8$ = −
2
3
𝐵𝑉%𝑒; ⋅ 𝜖;$ + 𝐸=<>? ⋅ 𝜖4567

$ + 𝛼(𝑒; ⋅ 𝜖;$)#, 
where 𝛼 is an emperical fitting parameter used to improve the agreement with directly computed 
interactions. This parameter is fit using our computed data for Ca, which has been verified against more 
computationally expensive direct calculations. 
 

Solute size misfits 
The volumetric solute size misfit 𝜖;$  quantifes the size mismatch between the volume of solute atom 𝑠 and 
the volume of a matrix Mg atom. The volumetric size misfit also determines the interaction energy of the 
solute with the volumetric strain field of defects like dislocations [Yasi2010, Ghazisaeidi2014, 
Buey2018] and twin boundaries [Pei2019]. UIUC computed volumetric size misfits for 63 substitutional 
solutes in Mg using the strain misfit tensor methodology developed in Refs. [Fellinger2017, 
Fellinger2018, Fellinger2019]. The strain misfit tensor 𝜖)*$  gives the derivative of solute-induced strain 𝑒)*

/! 
with respect to solute concentration 𝑐$. To determine 𝜖)*$  in this work, a single Mg atom is replaced with a 
substitutional solute in an hcp Mg supercell and then atomic positions are relaxed while keeping the 
supercell lattice vectors fixed. The strain 𝜖)*$  is computed from the solute’s elastic dipole tensor 𝑃@:$  and 
the DFT-computed elastic compliance tensor 𝑆)*@:%  of pure Mg, 

𝜖)*$ = −
1
𝛺%
C𝑆)*@:%

@,:

𝑃@:$ , 

where 
𝑃@:$ = −𝑁𝛺%𝜎@:

($,B,C"). 
Here, 𝛺% is the volume per atom in the ideal solute-free hcp crystal, 𝑁 is the number of lattice sites in the 
computational supercell, and 𝜎@:

($,B,C") is the DFT-computed stress that a single solute induces in the 
supercell with fixed ideal hcp lattice vectors after relaxing the atomic positions. To ensure that only 
solute-induced stress is included, any small residual stress in the solute-free supercell should be 
subtracted from 𝜎@:

($,B,C"). In the dilute limit, 𝜎@:
($,B,C") scales with 1/𝑁 so 𝑃@:$  becomes independent of 

supercell size. For substitutional solutes in Mg, 𝜖)*$  is diagonal. The element 𝜖))$  gives the solute size misfit 
along Cartesian direction 𝑖, and the trace gives the volumetric size misfit 𝜖;$ . 
 

Solute interactions with twin boundaries 
Twinning dislocations consist of a step in a twin boundary accompanied by a dislocation displacement 
field that ensures the correct mirror symmetry across the twin boundary plane away from the 
step [Ghazisaeidi2014, Serra1988, Serra1991, Serra1999]. Solutes interact with the dislocation core near 
the step as well as with the twin boundaries away from the step, and both types of interactions contribute 
to solute-induced changes in the CRSS for twinning dislocation motion [Ghazisaeidi2014]. The 
interaction energy of a solute 𝑠 at site 𝑛 near a twin boundary is computed 

𝑈8,E1$ = 𝐸(𝑠, 𝑛) − 𝐸(𝑠, R), 
where 𝐸(𝑠, 𝑛) is the total energy of the supercell with the solute at site 𝑛 and 𝐸(𝑠, R) is the total supercell 
energy with the solute at the reference site R away from the boundary. All eight sites shown in Figure 2 
for the (101‾2) and (101‾1) twin boundaries are computed. To help minimize the effects of solute-solute 
interactions on the solute-twin boundary interactions, the periodicity of the supercell is doubled 
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perpendicular to the page for the (101‾2) twin boundary, but the (101‾1) twin boundary required 
supercells with doubled in-plane dimensions (i.e., 4 × 2 supercells) for solutes with |𝜖;$ | ≳ 1 in the 
(101‾1) twin boundary. Atomic relaxation is constrained so that atoms can only move perpendicular to the 
boundary. This constraint prevents the boundary from migrating during geometry relaxation. The 
chemical misfit energies for the (101‾2) and (101‾1) twinning edge dislocations from the interactions of 
solutes with the corresponding twin boundaries using a fitting procedure similar to the study in 
Ref. [Ghazisaeidi2014]. 
 

Solute interactions with the pyramidal 2 stacking fault 
The interaction of a solute 𝑠 with the stacking fault region between the partial cores of ⟨𝑐 + 𝑎⟩ 
dislocations is determined by the local slip energy 𝐸=<>? computed from the core geometry and the 
pyramidal 2 stable stacking fault energy 𝛾?#, and the solute’s chemical misfit 𝜖?#

$,8, 

𝜖?#
$,8 =

1
𝛾?#

e
𝜕𝛾?#
𝜕𝑐$

g
/!F%

h
8

. 

Here 𝑛 is the layer number the solute occupies relative to the stacking fault plane. The interactions of 
solutes with the stacking fault become negligible for 𝑛 > 3, similar to the results found in Ref. [Yin2017]. 
The DFT approximation to 𝜖?#

$,8 is 

𝜖?̃#
$,8 =

𝐸GH[(𝑁 − 1)Mg, 𝑠, 𝑛] − 𝐸GH[𝑁 Mg]

𝛾?#D√3𝑎%E qr𝑎%# + 𝑐%#s
, 

where 𝐸GH[(𝑁 − 1)Mg, 𝑠, 𝑛] is the total energy of an 𝑁-atom supercell containing a stacking fault with a 
solute 𝑠 substituted into a site in layer 𝑛, and 𝐸GH[𝑁 Mg] is the the total energy of an 𝑁-atom supercell 
containing a stacking fault but no solute. To minimize the effects of solute-solute interactions on the 
computed chemical misfits, 3 × 3 × 11 supercells were used which contain 22 atomic layers in the 
direction perpendicular to the fault plane. The interactions of solutes with the fault can be strong enough 
to shift the fault displacement, so constrained relaxations were used. The pyramidal 2 chemical misfits for 
Al, Ca, Cs, Ir, K, La, Li, Mn, Na, Os, Pr, Rb, Sn, Sr, Y, and Zn solutes were computed in all three layers. 
The volumetric size misfits 𝜖;$  of these solutes range from −1.31 for Os to 1.71 for Cs, and the chemical 
misfits for all three layers are described well by a second order polynomial in 𝜖;$ . The polynomials 
provide a better description for solutes with positive 𝜖;$  than for solutes with 𝜖;$ , with the Os and Ir having 
the largest fitting errors. However, for solutes with large |𝜖;$ | the solute-dislocation interactions are 
dominated by the volumetric strain contributions, and the slip energy contributions have a negligible 
effect on the strengthening potency predictions. The fitted dependence on 𝜖;$  predicts the chemical misfits 
for the rest of the solutes in this study. 
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Results 

Dislocation core structures from first-principles calculations 
The ⟨𝑐 + 𝑎⟩ edge and screw perfect dislocations dissociate into 1/2⟨𝑐 + 𝑎⟩ partial dislocations separated 
by a pyramidal 2 stacking fault. Figure 3 shows the dislocation geometries visualized using a combination 
of atomic positions and Nye tensor distributions [Hartley2005]. The core geometries relaxed using DFT 
with LGF-based flexible boundary conditions agree well with the DFT cores found in 
Refs. [Ghazisaeidi2014, Itakura2016]. The relaxed core structures provide substitutional sites for 
computing solute-dislocation interactions and geometric information used to construct computationally 
efficient approximations for these interaction energies. The relaxed edge and screw geometries have 
substantially fewer atoms than previously published core structures, which greatly increases 
computational efficiency when computing solute-dislocation interactions by direct substitution of solutes 
into the core. 

 
Figure 3. Core structures of the ⟨𝑐 + 𝑎⟩ edge and screw dislocations optimized using DFT with LGF-
based FBC. The edge core is visualized using the 𝛼-& edge component of the Nye tensor distributions, 
and the screw core is visualized using the 𝛼-- screw component. The dislocations dissociate into 1/2⟨𝑐 +
𝑎⟩ partial edge or screw dislocations separated by a pyramidal 2 stacking fault. 
 

Solute-twin boundary interactions 
The computed interactions of 18 different solute species with the (101‾1) and (101‾2) twin boundaries 
showed that the interactions scale with the solute volumetric size misfit 𝜖;$  as 

𝑈8,E1
$,I>J ≈ 𝛼8𝜖;$ + 𝛽8𝜖;$

#, 
where we treat 𝛼8 and 𝛽8 as empirical fitting parameters for each site type 𝑛. These scaling relations are 
used to predict the interactions of 45 other solute species with the twin boundaries. UIUC also extracted 
the chemical misfits for the twinning dislocations from the solute-twin boundary interactions with values 
for (101‾1) and (101‾2) twin boundaries given in Table II. A recent study by Pei et al. [Pei2019] 

𝑐 + 𝑎 edge

𝑐 + 𝑎 screw

0.130−0.13

𝛼 1

𝛼 (Å–1)

𝛼
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computed solute segregation energies for the two different sites in the (101‾2) and the (101‾1) twin 
boundaries (corresponding to sites 1 and 2 in the current study) for 23 different solute species. Among the 
solutes they considered, Al, Be, La, Li, Os, Pr, Y, and Zn are common to our study. For these common 
solutes, UIUC’s DFT-computed interaction energies for the (101‾2) agree with their DFT values to within 
30 meV. In general, our predicted energies agree better with the direct DFT values due to the extra degree 
of freedom in our interaction models. 
 

Solute size and chemical misfits 
UIUC computed the volumetric size misfits 𝜖;$  of 63 different substitutional solute species in Mg using 
the strain misfit tensor approach discussed in Section 2.5.3. These calculations utilize 4 × 4 × 3 supercell 
containing 96 atoms, and the misfit values are tabulated in the top panel of Table I. Buey et 
al. [Buey2018] calculated the size misfit of Y in Mg using a different methodology developed by 
Vannarat et al. [Vannarat2001], where the misfit is computed by placing one, two, and three solutes into a 
supercell and evaluating the variation in the solute-induced pressure with solute concentration. Buey et al. 
found that 3 × 3 × 3 and 4 × 4 × 4 supercells yielded inconsistent results which they attribute to the 
large size of Y in Mg. They found that 5 × 5 × 5 and 6 × 6 × 6 supercells gave consistent size misfit 
results, with an average value of 0.576. Since UIUC considered many different solute species covering a 
broad range of volumetric misfits (−1.31 for Os to 1.71 for Cs), misfits values for Os, Ir, Y, Ca, Rb, and 
Cs in 5 × 5 × 3 supercells using the strain misfit tensor approach. The maximum difference between 
UIUC’s 4 × 4 × 3 and 5 × 5 × 3 values is just 0.026 for Cs, corresponding to a relative error of 1.5%. 
The difference in Y misfit values between the two supercell sizes is 0.011, with a slightly larger relative 
error of 2.0%. Changing the supercell dimensions from 4 × 4 × 3 to 5 × 5 × 3 increases the basal 
dimensions of the cell from 12.77 Å to 15.96 Å, while keeping the dimension along the 𝑐-axis fixed at 
15.55 Å. Since increasing the smaller supercell dimension changes the misfit values by only a small 
amount, using even larger supercells will have a negligible effect. Cs is the largest solute so the difference 
of 0.026 will be an upper bound on the error from using finite-sized supercells. UIUC’s Y value of 0.550 
agrees well with Buey et al.’s value, where the small difference may be due the different supercell 
dimensions, pseudopotentials, exchange-correlation functional, or DFT convergence settings used in the 
two studies. The misfit tensor method for computing volumetric size misfits is thus a robust approach that 
is also computationally efficient, since a single calculation is needed for each solute where only atomic 
coordinates need to be relaxed. 
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Table I. Size and stacking fault (chemical) misfits. 
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Table II. Chemical misfit energy for tension and compression twins. 
 

Solute-dislocation interactions from direct first-principles calculations 
UIUC validated the approximate geometric models for solute-dislocation interactions for (101‾1) 
twinning edge dislocations and for ⟨𝑐 + 𝑎⟩ edge dislocations by comparing the interactions for Ca solutes 
with direct interaction calculations. In the direct calculations, a single Ca solute is substituted into one of 
12 different sites in the (101‾1) twinning dislocation core, and one of 24 different sites in the ⟨𝑐 + 𝑎⟩ 
dislocation core and compute the total energy of the system using DFT. Figure 4 shows the agreement 
between the geometric and direct energy values for each dislocation. The geometric models produce 
accurate interaction energies across all the test sites, so these models were used to generate the 
interactions at all the core sites for input to the Labusch models. A similar validation was performed for 
Zn solutes in the (101‾2) twinning edge dislocation in Ref. [Ghazisaeidi2014]. 
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Figure 4. Local volumetric strain 𝑒; and slip energy 𝐸$:)( distributions in the ⟨𝑐 + 𝑎⟩ edge dislocation 
core (sorted by strain). The figures on the left show the distributions for the pure Mg dislocation core and 
label 24 different sites in the core for direct solute substitution. The bar charts on the right show there are 
minimal changes in the distributions after substituting solutes at the sites in the core. 
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Figure 5. Comparison of directly computed interaction energies of a Ca solute with the (101‾1) 
compression twinning dislocation (top) and the ⟨𝑐 + 𝑎⟩ edge dislocation (bottom). Computed interactions 
𝑈K)LM/! at 12 different sites in the twinning dislocation core and at 24 different sites in the ⟨𝑐 + 𝑎⟩ 
dislocation core by direct substitution of a Ca solute into the different sites. The two sets of values agree 
well in each case, with variances of 𝜎N = 45 meV for the twinning dislocation and 𝜎N = 70 meV for the 
⟨𝑐 + 𝑎⟩ dislocation. 
 

Solid-solution strengthening predictions for individual deformation modes 
Strengthening predictions based on the Labusch model show that the change in CRSS 𝛥𝜏+ for the (101‾2) 
twinning dislocation scales quadratically with solute size misfit 𝜖;$ . The top panel of Figure 6 compares 
our strengthening predictions for 18 different substitutional solute species on the CRSS of the (101‾2) 
twinning dislocation. The red data points correspond to Labusch model predictions using directly 
computed solute-twin boundary interaction energies, and the black points are predictions using the fitted 
solute-twin boundary interactions shown in Fig. 5. Both sets of data agree closely and show that the 
change in CRSS 𝛥𝜏+ scales quadratically with volumetric size misfit 𝜖;$ . Hence, accurate strengthening 
predictions for any substitutional solute species can be made from 𝜖;$  as 

𝛥𝜏+$ =
603𝑐$/at.%

(𝑇/300K){ln[103] − ln[�̇�/(102-s2&)]}
𝜖;$

#	MPa, 

where 𝑇 is the temperature and �̇� is the strain rate. 

CT1 edge dislocation

𝑐 + 𝑎 edge dislocation
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Figure 6. Solute-induced change in τy for the (1012) tension twinning, (1011) compression twinning, and 
⟨c + a⟩ edge dislocations for T = 300 K and e ̇ = 10-3 s-1. The red squares are Labusch theory predictions 
for ∆τy using directly computed solute-twin boundary interactions for the twinning dislocations, or direct 
solute-dislocation interactions for the ⟨c + a⟩ dislocation. The black points are Labusch predictions using 
fitted twin boundary interactions or geometric model interactions. Both sets of ∆τy values for each 
dislocation are computed at room temperature and scale quadratically with the volumetric solute size 
misfit εV . The black curves are quadratic fits to the black points, and the shading corresponds to the 
predicted variance in ∆τy computed from the variances in the solute-dislocation interaction energies. Like 
∆τy, the variances also scale quadratically with the solute size misfit.  
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Strength and ductility predictions for Mg alloys 
 
UIUC combined the DFT-based solution strengthening predictions with solubility limits computed from 
CALPHAD phase diagrams to suggest solute candidates with the greatest potential for increasing the 
strength and ductility of Mg alloys at room temperature. The cost507 database [COST507] and the 
pycalphad code [Otis2017] compute solubility limits in the hcp phase for twelve binary Mg alloys, and 
using solubility limits for 35 other binary Mg alloys using published phase diagrams. Good candidate 
solutes should strengthen the basal and different non-basal deformation modes, while lowering the ratios 
of non-basal to basal yield stresses. Solutes satisfying these criteria have both appreciable solubility and 
strengthening potencies for the individual deformation modes in hcp Mg. Solutes with very large positive 
or negative size misfits provide the greatest strengthening effects on the different slip modes, but they 
have negligible solubility in hcp Mg. Conversely, solutes with small size misfit can have large solubilities 
in hcp Mg but their strengthening effects are weak. The UIUC team generally found that solutes with 
moderate size misfit values have a favorable combination of solubility and strenthening potency to 
potentially improve both the strength and ductility of Mg alloys. Table III lists the solubilites and changes 
in yield stress at room temperature for the 20 most promising solute candidates. The rare earth solutes Gd, 
Tb, Dy, Nd, Ho, Er, Tm, and Yb show the greatest potential for strengthening the individual deformation 
modes, as well as for improving the plastic anisotropy of Mg by reducing the ratios of non-basal to basal 
yield stresses. The solutes Y, Sc, Pb, and Ca show the greatest potential for improving the mechanical 
properties out of the non-rare earth elements, approaching the improvements from the rare earths. It 
should be noted that the solubilities of Sc, Tl, Li, and Al are large, which may result in less accurate 
quantitative strength predictions compared to elements with lower solubilities, since the strengthening 
models do not account for the effects of solute-solute interactions on the motion of the dislocation cores. 
Despite this, UIUC’s predictions should still provide a reasonable guide for solute selection in Mg alloy 
design. Moreover, the final tabulated results of interactions of deformation modes and solute chemistry 
correspond to the expected project goals and objectives for the project. 
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Table III. Solubilities, changes in yield stress 𝛥𝜏+, and yield stress ratios for 20 different solute species in 
Mg. The solubilities 𝑐$OPQ are determined from the hcp boundaries of binary phase diagrams, and the 
optimal concentrations 𝑐$

"(! minimize the ratio 𝜏+RS&/𝜏+TP$P:. The solutes are divided into two groups: 
rare earth elements (upper group) and non-rare earth elements (lower group). The 𝛥𝜏+ and 
𝜏+8"82TP$P:/𝜏+TP$P: values are evaluated at 𝑐$

"(! and 𝑇 = 300 K. 
          
solute 𝑐$7UV 𝑐$

W?J 𝛥𝜏+XE&  𝛥𝜏+
⟨/ZP⟩  𝛥𝜏+EE&  𝛥𝜏+\U=U<  𝜏+XE&/

𝜏+\U=U< 
 𝜏+
⟨/ZP⟩/

𝜏+\U=U< 
𝜏+EE&

/𝜏+\U=U< 
pure 
Mg 

− − − − − − 200 124 6 

Gd 4.37 4.32 95.7 114.3 52.0 22.8 8.4 7.6 2.4 
Tb 4.60 4.60 91.7 107.5 49.5 20.5 9.1 8.1 2.5 
Dy 6.00 5.34 95.3 107.1 51.2 20.3 9.4 8.1 2.6 
Nd 0.70 0.70 25.0 49.9 14.0 12.6 9.5 8.6 1.3 
Ho 5.43 5.43 87.2 97.4 46.6 18.5 9.8 8.4 2.6 
Er 6.05 6.05 87.2 94.4 46.4 18.3 10.0 8.3 2.6 
Tm 2.31 2.31 30.1 42.1 15.9 11.9 10.5 8.4 1.5 
Yb 0.67 0.67 21.3 42.7 11.8 8.4 13.7 11.8 1.7 
          
Y 4.11 3.50 94.6 81.4 34.7 17.1 11.1 8.2 2.1 
Sc 21.46 21.46 10.4 6.1 4.4 7.4 14.0 8.7 0.9 
Pb 7.69 7.69 46.3 46.6 23.8 8.9 15.5 11.5 2.8 
Ca 0.40 0.40 18.8 19.7 6.9 6.8 16.3 11.2 1.4 
Ag 6.08 4.61 90.5 83.5 38.1 9.5 19.1 14.6 4.1 
Bi 0.95 0.95 9.2 15.8 4.8 5.1 19.6 13.9 1.4 
Tl 16.10 16.10 34.1 27.5 16.9 5.1 24.0 16.0 3.6 
Zn 2.92 2.92 56.3 45.5 18.3 5.5 26.1 18.0 3.6 
Li 17.70 17.70 56.4 27.0 17.0 4.9 28.7 16.3 3.7 
Ga 3.24 3.24 27.8 29.0 11.9 3.7 30.1 21.5 3.5 
Al 11.60 7.18 84.9 54.3 27.4 5.6 30.1 19.0 4.9 
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Conclusions 
UIUC computed the strengthening potencies of 63 substitutional solute species on ⟨𝑐 + 𝑎⟩, (101‾1) 
compression twinning, and (101‾2) tension twinning edge dislocations in Mg. The Labusch-type solid 
solution strengthening models to computed changes in yield stress due to the solutes for each of these 
different non-basal deformation modes. The Labusch models predict the increase in the energy barrier a 
dislocation must overcome to move under an applied load due to the balance between solute-dislocation 
interactions and the elastic energy of the dislocation, ultimately leading to an increase in yield stress to 
move the dislocations compared to in pure Mg. The solute-dislocation interactions were computed using 
density functional theory (DFT). Due to the large computational cost of directly computing the 
interactions by directly substituting solutes into sites in the dislocation geometries, UIUC developed 
computationally efficient approximations for the interactions that use geometric information from the 
geometries in pure Mg and solute size and chemical misfits. The size misfit quantifies the size mismatch 
between a solute and an hcp Mg atom, and the chemical misfit quantify the interactions between solutes 
and stacking faults or twin boundaries. Both types of misfits are computed in supercells that are small 
compared to the dislocation supercells, providing a substantial computational savings compared to direct 
interaction calculations. UIUC validated the approximate interaction energy models by comparing the 
energy predictions to a selected set of direct calculations for several different solute species, and found 
that both the interaction energies and the solute-induced changes in yield stress for the different non-basal 
dislocations scale as second order polynomials in the solute size misfit. These scaling relations provide a 
simple way to predict the strengthening potencies for a large number of different solute species in Mg. 
 
The solution strengthening predictions were combined with CALPHAD predictions of solubility limits to 
suggest promising candidate solutes for improving the strength and ductility of Mg alloys. Solutes with 
the greatest potential for improving the mechanical properties of Mg alloys should strengthen the 
individual deformation modes, while reducing the plastic anisotropy of Mg by lowering the ratios of non-
basal to basal yield stresses. The cost507 database for light metals with the pycalphad code computed the 
solubility limits in the hcp phase for twelve binary Mg alloys, while the solubility limits of 35 other 
binary Mg alloys were extracted from the available literature. UIUC’s strengthening predictions show that 
solutes with large positive or large negative size misfits are most effective at increasing the yield stress of 
the different deformation modes. However, these solutes generally have low solubilities in hcp Mg so 
their overall effectiveness at improving the mechanical properties of Mg alloys is limited. Solutes with 
small size misfits can have large solubilities in hcp Mg, but their strengthening potencies are small so 
they are also ineffective at improving mechanical properties. The solutes listed in Table III have the most 
favorable combination of strengthening potency and solubility for improving the strength and ductility of 
Mg alloys via solid solution strengthening. The rare earth elements in the table show the greatest potential 
for increasing the strength of Mg while reducing plastic anisotropy, but several non-rare earth elements 
including Y, Sc, Pb, and Ca are also promising alloying additions in Mg. Multi-component alloys can 
offer additional benefits over simple binary alloys. If extra solute additions can increase the solubility of 
large or small solutes we expect an overall enhancement in mechanical performance, since these solutes 
have the greatest strengthening potencies. Any extra solute additions that lead to increased solubility of 
mid-sized solutes should also lead to improved Mg alloys. Further studies combining UIUC’s solution 
strengthening data with phase diagram calculations using comprehensive databases on alloy 
thermodynamics could be performed to search for new multi-component Mg systems with enhanced 
solubilities. 
 

Contribution to the State-of-Art.  
The UIUC work has contributed in a variety of ways: (1) development of predictive models of solute 
chemistry on deformation in magnesium; (2) suggested routes for alloy chemistry of magnesium alloys 



 24 

with improved formability; (3) increased computationally efficient routes to map out the solute energy 
landscape for other alloy systems. For the first, the UIUC first-principles computation of solute 
interactions with a variety of line defects associated with different plastic deformation modes enabled the 
parameterization of predictive models of strength with solute chemistry, temperature, and strain-rate. 
These models can be introduced into crystal plasticity models that incorporate crystal texture, for a fully 
developed computational model of an alloy’s deformation behavior. This work built in part on earlier 
work in basal and prismatic strengthening, as well as advances in solid-solution theory, and the use of 
high-throughput computation to sweep through the periodic table. By considering a wide range of 
possible solute chemistries, clear trends were identified which led to possible design rules when 
considering solute chemistry. For the second, the predictive models were combined with thermodynamic 
databases to identify optimal solute selections. This consideration is especially important, as the solute 
features that provide the largest “potency” to improve alloy behavior also corresponds with the lowest 
solubilities. The thermodynamic databases and experimental literature identified maximum solubility, 
which led to rank-ordering of solutes for inclusion in future magnesium alloys. Finally, the methodologies 
developed to efficiently and accurately predict solute-defect interactions from a smaller subset of 
calculations can be extended to other alloy systems in the future. The approach—combining accurate 
defect geometry calculations, solute misfits, and parameterized interaction models—permit the 
identification of chemical trends as well as the determination of energy landscapes with a fraction of 
computational effort needed for direct calculations. While elements of this approach have been used in the 
past, this is the first application for so many deformation modes and the majority of the periodic table. 
The success of this modeling approach for magnesium alloys suggests possible applicability to other alloy 
development projects in the future. 
 

Technological Gaps. 
The primary gaps to be considered for future work surround the extensions beyond binary solid solutions. 
There are two issues to be tackled: (1) more complex interaction models, and (2) lack of thermodynamic 
data. Our current models for the solute-defect energy landscape assumes no interaction between solutes; 
however, we would expect that as pairs of solutes have interactions that can lead to short-range ordering, 
this may lead to situations where two different solutes could have energy landscapes that are not simple 
linear combinations of their individual interactions. Investigating this idea would require identifying 
possible solute combinations with strong interactions that might produce unique solute-solute-defect 
interactions. It is possible that these types of interactions could even be beneficial, which would open new 
opportunities for sophisticated alloy chemistry design strategies. In addition to developing new predictive 
strength models for combined solute chemistries, additional thermodynamic data is crucial. The approach 
developed here for considering binary alloys works in part because there is a large amount of binary 
phase diagram data available from which maximum solubilities can be extracted. However, when 
considering whether two solutes might promote higher solubility due to a “co-doping” effect, there is a 
considered lack of available thermodynamic data. In particular, predictive thermodynamic data would be 
especially helpful to lead high-throughput screening of different alloying combinations. This requires a 
significant effort in computational thermodynamic modeling. 
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Light Mat DataHub uploads: 
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